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A nonlinear approach to the problem of tracking a maneuvering aircraft is presented. A nonlinear aircraft
maneuver model is proposed for state estimation as well as prediction. The nonlinear model describes planar
trajectories. A geometric nonlinear filter (GNF) is presented. The results show a significant overall improvement
over the extended Kalman filter (EKF) approach. The GNF was found to be stable in most cases where the EKF
was not stable. For the stable cases, the tracking performance of the GNF compares favorably with the EKF. The
GNF offers a substantial savings in computational time.

1. Introduction

HIS paper deals with the problem of tracking a maneuvering

aircraft. The approach presented here differs from previous
work in the following areas: 1) the aircraft maneuver model and
2) the filter design method. The aircraft maneuver model, which
is described in detail in Sec. II, is nonlinear and the three spatial
directions are coupled. In much of the previous work,'~® evasive
maneuvers were viewed as a response to a random perturbation. The
perturbations were modeled as zero-mean, white Gaussian processes
and as correlated random processes.® Berg! added a constant term
to this acceleration model that he called an adaptive estimate of
the mean target jerk. The maneuvers were also modeled as random
processes whose mean values switch randomly from among a finite
set of predefined values.>~

The common denominator in each of the models just described is
that the resulting maneuver model is linear. Also, the accelerations
in the three spatial directions are uncoupled and the state noise is ap-
plied in inertial coordinates. The resulting tracking algorithm gener-
ally consists of three independent Kalman filters, one for each spatial
direction, incorporating measurements of position. Other types of
filters including constant-gain filters, « — 8, and @ — B — y have been
proposed. Different variations of the above models include using a
maneuver detection scheme and switching between several filters
in response to maneuvers of varying strengths.® A comparison of
these various filters can be found in Singer and Behnke.’

Improvements in the tracking performance can be achieved by
incorporating attitude information in the tracking filters as well
as position measurements. Kendrick et al.'® originally proposed
using attitude measurements to estimate the acceleration magni-
tude. Andrisani et al.'""12 supplemented position measurements with
attitude angles to enhance the tracking of aircraft and helicopters.
In operations, the attitude information would be obtained through a
remote sensing device or, if possible, by telemetry down-link from
the vehicle.

The approach taken here begins with the development of a nonlin-
ear maneuver model for the state estimation task. The nonlinear ma-
neuver model is a more sophisticated alternative to the linear models
just described. The resulting tracking filters are nonlinear and the
three spatial disturbances are highly coupled. Perturbations to this
maneuver model are modeled in the aircraft body frame as corre-
lated random noise. The available measurements are assumed to be
the position type only; no aircraft attitude information is available.
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The nonlinear maneuver model is also utilized for the state pre-
diction. Since the model describes planar trajectories, the number of
first-order differential equations that must be integrated is reduced
from nine to four, thus reducing the computational burden.

The basic idea of the design method presented here is to trans-
form the nonlinear maneuver model to a linear form through the use
of nonlinear state transformations so that the well-developed linear
theory can be utilized in the filter gain calculations. The filter re-
tains its nonlinear form. This filter design technique results in what
will be referred to here as a geometric nonlinear filter (GNF). This
approach has recently attracted much attention.!3~2! Central to the
GNF approach is the transformation of the nonlinear system to a
linear form, known as the observer canonical form, through the use
of a nonlinear state transformation and output injection.

The question of the existence of transformations to observer
canonical form has been addressed by Krener and Isidori,'® Krener
and Respondek,'® and Phelps and Krener.’ Assuming a transfor-
mation exists, Bestle and Zeitz'> show how a GNF design can be ac-
complished without actually computing the transformation. Krener
et al.> and Krener'” introduced the modified and approximate ob-
server canonical form and developed the asymptotic GNF technique.
This technique accounts for state and measurement perturbations
and results in a solution very similar in nature to the Kalman filter.
Although it is desirable to have a system in observer canonical form,
this is not always possible. The modified observer canonical form
allows the injection term to include states that are not measured di-.
rectly but that can be estimated quickly and accurately. With this new
canonical form, the GNF approach can then be applied to a larger
family of nonlinear systems. The approximate observer canonical
form is used in the GNF design proposed here. Frezza et al.!* ap-
plied the asymptotic GNF technique to a one-dimensional tracking
problem with success. The tracking performance compared favor-
ably to the extended Kalman filter (EKF) but at a substantial savings
in computational time.

A GNF and an EKF are designed and evaluated in this paper.
The GNF is stable for a much wider range of initial conditions
than the EKF. Also, the GNF requires less computational time, yet
tracks at least as well as the EKF. The performance evaluation is
conducted utilizing simulated aircraft trajectories as well as “real-
world” trajectories.

This paper is organized as follows: Section II presents the deriva-
tion of the aircraft maneuver model. Section III describes the GNF
design procedure. Section IV describes the transformation of the air-
craft maneuver model to approximate observer canonical form. The
GNF design for the aircraft tracking problem is in Sec. V. The results
and conclusions are presented in Secs. VI and VII, respectively.

II. Aircraft Maneuver Model

The assumptions leading to the nonlinear maneuver model are
1) the change in the aerodynamic lift and thrust-drag accelerations
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Fig.1 Maneuver plane geometry.

is zero, 2) the aircraft body rate about the roll axis is zero, and 3) the
angle of attack and sideslip are zero.

These assumptions reduce the problem of modeling the aircraft
motion to a kinematics problem. There is no need to model the pilot
response and also no need to estimate the aircraft angular attitude.

Letting a equal the sum of the aerodynamic and propulsive ac-
celerations acting on the aircraft, by assumption 1,

ag =0 1)

It is assumed that the aerodynamic accelerations include only lift

along ei and drag along e® (see Fig. 1). Aerodynamic accelerations

along e; are assumed to be zero. Assumption 2 implies that
p=w?. e =0 9))

The aircraft angular velocity vector w? is computed by utilizing
Poisson’s formulas?:

. B B

B +
e, =w XxXe;, i=1273

Forming the cross product e x ¢2 and using the identity
Vi X (12 X ¥3) = (V1 V3)va — (V1 - V2)v3
the formula for w? is
w? = (w®-ef)e? +ef xé?, i=123 3
By assumption 2, Eq. (3) reduces to
B

wl =ef x &b 4)

for the specific case where { = 1. Using assumption 3, it follows
that

I3

B E

€=
(rell

Equation (5) is differentiated with respect to time, and together with
e? . &f =0, it follows that

.B rE .':E'i'E .
e, = — — - r 6
== T ( mnﬂ) g ©

Substituting Egs. (5) and (6) into Eq. (4) yields

&)

l"E X rE
7z 11

With respect to the inertial reference frame the accelerations acting
on the aircraft are given by

B _
Wy =

@)

Fp=ag+ge (®

AIRCRAFT TRACKING PROBLEM 1125

where g is the constant gravity acceleration in the inertial reference
frame. With respect to the body reference frame, Eq. (8) becomes

Lpe(fe — ge) = Lpear = ap ()]

where L is a transformation matrix from inertial to body reference
frame. Differentiating Eq. (9), using the fact that

7 B
LEBLBEVE = —Wg X Vg VVE

and using assumption 1 and Eq. (7), yields the kinematic equation
of motion

. X F
rg= —‘—E— x (Fg — gE) (10)

A condition on the aircraft trajectory is that the velocity [|F || must
always be different from zero.

In this paper the radar measurement set is taken to be the air-
craft inertial position vector rg in Cartesian coordinates. This leads
to a linear measurement model. The (noise-free) measurement
equation is

y=rg (11
If the state vector x is defined as

X3 ="r;, X3 =F, X3=F i=123 (12)

then the aircraft maneuver model Eq. (10) can be written as

x=f(), y=h) (13)
A check shows that Eq. (13) is an observable system.

When viewed as an arbitrary speed space curve, the aircraft tra-
jectory r(t) has zero torsion. Thus, the aircraft maneuver model
describes planar trajectories in a maneuver plane (see Fig. 1). The
curvature, on the other hand, is in general not zero. The maneuver
reference frame can be taken to be the Frenet?* reference frame at
to. The aircraft roll angle ¢ is assumed to be a constant. The relevant
transformation matrices are the inertial to maneuver plane, Ly,
and the body to inertial, Lgp.

In the maneuver plane the trajectory is described by

V= —gn;sinf + g,, cosd + ¢,

V0 = — gy €OSO — gy SINH + ¢
¥4 2 (14)
C"l =0
¢ =0

The constant c; is the sum of the thrust and drag accelerations. The
constant ¢, is the lift acceleration times the cosine of the roll angle,
v is the velocity magnitude, and g,, is the constant gravity vector
in the maneuver plane. Once an inertial state estimate is available,
the matrix Ly g can be computed and the four equations in Eq. (14)
can be used for state prediction. This prediction scheme was used
successfully by Berg.!

III. Geometric Nonlinear Filter Design

Considered in this paper are nonlinear filters of the form (Kou et
al.? and Thau?%)

F=f@ + K@y — h®)] 5

In the GNF design proposed here, K* (%) is computed to guaran-
tee stability of the estimation error. As in the EKF, the GNF gains
are state dependent, although the state dependency manifests itself
through algebraic manipulations rather than through the on-line in-
tegration of a state-dependent matrix differential equation. The GNF
design lends itself to computer implementation and the computa-
tional burden is very low relative to the EKF.

The GNF design includes the following four steps.
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Step 1: The first step in the GNF design process is to find a
(bijective) C* transformation T: R* — R" that transforms the state
xtoz;

x=T() (16)

in such a way that the system in Eq. (13) is transformed into observer
canonical form

z=Az+b(C2), y=0C
where A and C are in Brunovsky form. The main characteristics
of the observer canonical form are that the output is linear in the
state and that the (nonlinear) output injection term depends only
on states that are measured. The advantage of this form over the
original nonlinear form is that the process of computing the filter
gains to ensure stability of the estimation error is simplified. When
a transformation to observer canonical form exists, a general theory
exists for designing a stable filter.!?

Not all nonlinear systems can be brought to observer canoni-
cal form through use of a nonlinear transformation with output
injection. The aircraft maneuver model cannot be transformed to
observer canonical form. It can be transformed to approximate ob-
server canonical form

t=Az+b(@), y=0Cz

in which b(z) is approximately zero for small turn rates and
bz, %)
im =
le—z1-0 ||z — Z||

where
b@) = b3) — BR)e, — b(z,2)
and
ob
B(Z) = —
@ =7 i

Consider a transformation, as in Eq. (16), such that Eq. (13) is
transformed to approximate observer canonical coordinates. Then
the filter equation (15) is transformed to

1=42+b@D+JD'K' @0 ~ CF)
where J(2) is the Jacobian of the transformation. Define the time-
varying, nonlinear gain
K@ =JQ'K'®) a”n
and the approximate observer canonical form estimation error
e, =2—12 (18)
Then the estimation error is described by the differential equation
é, =[A - KQ®)Cle; +b(z) —b) (19)

Linearizing b(z) about the estimated trajectory Z using a Taylor series
expansion yields

¢, =A*@e, +b(z,2) (20)
where
A*@) =A - K@C+BR®)

The goal of the GNF design is to compute K(Z) such that the esti-
mation error described by Eq. (20) is stable.

Step2: The second step is to compute K (Z) such that the desired
eigenvalues of A*(Z) are achieved for all 7 > f,. Since asymptotic
stability is not ensured by the fact that all the eigenvalues of A*(Z)
have negative real parts, the time variation of A*(Z) must be ac-
counted for in the stability analysis. This generally leads to a slowly
time-varying condition for stability.

Step 3: The gain K(Z) must be chosen so that the estimatjon
error asymptotically approaches zero when the nonlinear term b(z,
Z) is accounted for. The sufficient conditions to guarantee asymptotic
stability in the presence of nonzero b(z, Z) can be obtained through
the application of Lyapunov’s indirect method. Explicit conditions
have been obtained for the aircraft tracking problem.?’

Step 4: The final step in the design process is to compute
K*(2) via

K@) =J@K®
Stability of e, implies stability of e, since T is continuous.

IV. Approximate Observer Canonical Form

A nonlinear transformation that transforms the aircraft maneuver
model to approximate observer canonical form is

x=T@ 21
where

X3 =n;121 + (R COS @ + N3 sin @)z
+ (—nizsing -+ nj3 cos §)z;

X3i-1 = 122 + (M2 COS @ + nyj3 sing)zs
+ (—nizsing + ni3 cos P)zg

X3 = {(niz2 + ri32)(z3 — &1) + [(miaz2 + niz) sing
+n;2A cos ¢}(z6 — g2) — [(nisza — ninz) cos ¢

+nppAsing)(zo — g3)}/A

wherei = 1,2, 3 and ¢ is the aircraft roll angle (assumed constant in
the maneuver model), the constant terms #;; are the (i, j)th elements

OfLEM, and
A=4+72

The nonzero elements of the residual nonlinear terms are

7 =zgcos¢ + z5sin¢,

by(z) = (z3 — g1)(cosf — 1) — Zsin @
bs(z) = [(z3 — £1) sin @ + Z(cos & — 1)]sin¢
bs(z) = [(z3 — £1) sin B + Z(cos O — )] cos ¢
where
7= (26 — 82) SinQ + (z9 — g3) COS P
cosB = 25 /A, sinf = —z/A
and

g1 =n3g, & = (nncos¢ +nysing)g

g = (n3cos ¢ — ny sing)g

One characteristic of b(z) is that, when 6 = 0, b(z) = 0 and the
system is exactly linear and in observer canonical form. For small
turn rates, 6 = 0, it follows that b(z) ~ 0 and the system is approx-
imately in observer canonical form, hence the labe] “approximate
observer canonical form.”

V. Geometric Nonlinear Filter Gain Calculation
In this section, a method for arbitrarily placing the poles of A™ @

in Eq. (20) is presented. This is of interest because, whenb(z, 2) = 0,
the error equation reduces to

éz =A" (i)ez (22)

In practice, the system disturbances and the higher order terms can-
not be neglected. However, the gain matrix derived by first consid-
ering Eq. (22) serves as the starting point. The effect of nonzero
system disturbances and b(z, Z) # 0 must then be investigated.
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The specific multi-output situation considered here has 12 states
and 3 outputs, and the observability indices are [} = [, = I3 =
4. This case represents the maneuvering aircraft tracking problem
described in the previous sections. The extension to other muiti-
output situations follows the same patterns established here. In the
multi-output case, the matrices A and C are in block Brunovsky
form. The construction of the stabilizing gain K(Z) depends on the
five matrices ©(Z), Q.(%), RR), B|(Z), J(Z). The matrix B, (2) is
defined as

B3 :=B@)CT
Associated with B, (Z) we have
B'¢) =B -B,®)C=B®A-C"0)

Utilizing the above definition of B*(£), the matrix © () is defined as
the observability matrix associated with (C, A + B*(2)). The main
assumption used in the sequel is rank ©(Z) = n, V¥t = #. In the
multi-output case considered here, we have

ClA +B*®1" = a1 @NCIA + B* @]}
+ [a2;: @UCIA + B* @)1}
+[a3 ®CIA + B*@)T}
where [a;j; (2)] are 3 x 3 matrices. Since, by assumption, the rank
©(1) = n = 12, V1 > 1,, the matrices [a;jx(2)] exist. The matrix
Q. () is defined as

Q1@ 0a12Q) Qais@
Qa (2) = Qa21 (2) Qa22 (2) Qa23 (2)
Qa31 (2) Qa32 (2) Qa33 (2)

where
1 0 0 0
. —aii3 1 0 o0
O ® = —diiz 43 1 0
—ain1  —Guz —aiz 1
and
0 0 0

—aj; 0 0
0.;; @) = ”

fori # j
—Qji2  —4ji3 0

S O O QO

—G4jiy  —4jiz  —4ji3
The matrix R(Z) is
Ry, ?)

R®) = | Ru®
Ry (2)

where

—au3  —az3  —a33

5 —Qu2 —a2 a3
R (2) =
—aqi1 Tl —asi
0 0 0

With the above definitions, we have the following theorem for the
case of 3 outputs, 12 states, and observability indices I, =1, =I5
=4.

Theorem 1. Suppose that the desired characteristic polynomial
of A*(2) is

Pdes = 1—[s4+p4i—3,is3+p4i—-2,i52+p4i—l,is+p4i,i fori =1,2,3

Associated with the desired characteristic polynomial, define the
block-diagonal matrix K; = diag(K;, K2, K33) with

Ki=l[psisi  paizi Pai-ti Paiil

If
K@ =B,3) + Q' @)K + R®)]

where
00Q) = 0.0)0R)

then it follows that the characteristic polynomial of A*(Z) is Pues.
Also,

A*3) =A-KEZC+BE) =0"@A-KOQR)

Proof. The proof follows from the facts that CQ~! = C and
Q@A + B @]+ R(@) C = AQR).

VI. Aircraft Tracking Results

The GNF design proposed in the previous sections is tested here.
The tests are based on two types of measurement data. The first
type of measurement data is generated by simulation of the aircraft
maneuver model. A more detailed analysis of the filter is possible
since all parameters of the problem (i.e., initial state errors, state
and measurement noise values) can be controlled. The second type
of measurement data is from 26 aircraft maneuvers. Using actual
radar measurements, the good tracking performance of the GNF in
a real-world environment is verified.

The aircraft maneuver model was developed on the assumptions
that the time variation of the roll angle is zero and the time variation
of the aerodynamic and propulsive accelerations is zero. The state
perturbations used in the simulations and in the EKF development
follow directly from these assumptions.

The perturbation in the time variation of the aerodynamic and
propulsive accelerations, naturally modeled in the aircraft body ref-
erence frame, is modeled by a random process in the thrust-drag
direction, e?, and in the lift direction, eZ. The uncertainty in the
time variation of the roll angle is modeled by assuming that the
time variation in ¢ is random. It then follows from Egs. (2), (3), and
(10) that the uncertainty with respect to the inertial reference frame
due to the roll rate uncertainty acts along the ef axis. Since (z3, Zg,
Zy) is the acceleration in the body axis and the state perturbation
u., is given in the body frame, the aircraft maneuver model (with
perturbations) is given by

T=Az+b@) +u,

The measurement uncertainties u,,, add directly to the measure-
ments yielding

y=Cz+u,

The model chosen here for the state perturbation is a first-order
Gauss-Markov stochastic process. The measurement perturbation is
modeled as a white Gaussian stochastic process. In the EKF method,
the perturbations are accounted for via the standard EKF equations
with state vector augmentation. In the GNF method proposed here,
the expected magnitude of the perturbations are used to downweight
the gains (off-line) and are not explicitly used on-line.

If the original system is modeled as a nonlinear stochastic sys-
tem, then one must be careful when applying the transformation to
observer canonical form.?® In this aircraft tracking application, the
perturbations are considered after the transformation since they are
more naturally described with respect to the transformed states. The
magnitude of the perturbations were adjusted so that the output of
the model approximated the actual aircraft trajectories. The GNF
can be viewed as an observer wherein the gains are downweighted
(off-line) to account for the expected magnitude of the perturbations.

The first step is to choose the gains K; for stability. Recall that
the aircraft maneuver model can be written in approximate ob-
server canonical form such that when the aircraft turn rate in the
maneuver plane is zero (i.e., 8 = 0), b(z) = 0 and the trans-
formed system is a linear system. It is then possible to compute
the optimal Kalman gains for the linear system off-line. The ap-
proach here is to use the steady-state Kalman gains (modified
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and tuned slightly for better performance in maneuvers) as Kj.
In maneuvering situations these gains provide stability of the es-
timation error but are not optimal. They also provide a good
trade-off between the desire to speed up the convergence of the
estimation error by using large gains and the desire to elimi-
nate the effects of the measurement and state noise by using
small gains. The filter initial loads used to compute the steady-
state Kalman gains K, are also used as the EKF initial filter
loads.

A. Comparison Based on Simulated Aircraft Trajectories

The effects on the tracking performance of the GNF and the EKF
with initial state errors and measurement noise are investigated here.
The simulation results of this section are based on the nominal
trajectory in Fig. 2.

The first study involved the stability of both filters for initial
state error stress cases. For example, when the initial state errors
are (—600.0, 10.0, 30.0) (meters) for position, (—23.0, 0.0, —1.0)
(meters per square second) for velocity, and (0.0, —9.806, 0.0) (me-
ters per square second) for acceleration, then the EKF is unstable,
whereas the GNF is not only stable but the tracking performance
is good. These particular initial state errors represent a realistic but
stressful situation for both filters. Other simulation results show
that the GNF will converge with most realistic initial state errors,
even those well outside of the domain of attraction. On the other
hand, unstable initial conditions for the EKF can be easily gener-
ated.

To investigate the stability characteristics of the filters initialized
with nominal and near-nominal initial state errors, 100 state 1o, 20,
and 30 errors were generated from the initial covariance matrix.
Both filters tracked these trajectories successfully. This shows that
when the EKF is initialized with initial state errors at or near its
design values, it will converge.

The effects of varying levels of measurement noise on the
tracking performance are investigated by considering the lo,
20, and 30 values of the measurement noise covariance, where
the 1o value is 1.0 m. In all the simulation runs, the lo
value of the state noise was used. For each level of mea-
surement noise, 100 runs were made, with each run corre-
sponding to a different trial of the state and measurement
noise processes. This process was repeated for the 20 and 3o
cases.

The scalar performance measure is the percentage of time that the
projected (1-s-ahead) position error was less than 5 and 10 m. This
was calculated and averaged over the 100 runs. A higher percentage
implies better performance. The results are shown in Fig. 3. They
show that both filters perform quite well and the results are quite
similar. The performance degrades as the noise level increases, as
expected. The trends indicate that the GNF performs as well or
better than the EKF near the design point (62 = 1, 4) but tends

% TIME

88 o ——— % TIME LESS THAN 5 m
87 = e 9% TIME LESS THAN 10m
88

s 4 GNF @

s+ -4 EKF

\— DESIGN VALUE MEASUREMENT NOISE COVARIANGE

Fig.3 Performance with measurement noise.

to drop off faster than the EKF as the noise increases (o2 = 9).
Thus, for very large measurement noises, the EKF will perform
better. From a tracking performance point of view, both filters have
approximately the same performance for different expected levels
of measurement noise, yet the GNF takes about 10 times less CPU
time.

B. Comparison Based on Actual Aircraft Trajectories

The performance of the two filters in a “real-world” environ-
ment is investigated by processing actual radar measurement data
in both the GNF and the EKF. An example of an actual aircraft
trajectory is shown in Fig. 4. Traj A contains 4 roll maneuvers, oc-
curring approximately at 2, 15, 24, and 36 s. Between the discrete
roll maneuvers, the trajectories are described very accurately by
the aircraft maneuver model, thus justifying the proposed nonlinear
model.

The tracking performance for Traj A is shown in Fig. 5. The first
noticeable characteristic is that the GNF and EKF performances
are similar. This also turns out to be the case for the remaining
25 trajectories.

The roll maneuvers show up as increased errors. In Fig. 5, it can
be seen that two roll maneuvers result in increased errors in the X
direction and the remaining two roll maneuvers result in increased
errors in the Y direction. Between the roll maneuvers the errors are
less than 15 m. The errors in the Z direction (not shown) are small
and uneventful since the aircraft is exhibiting very little motion in
that direction.

To compare the GNF and EKEF, a performance index 7 is defined
as the average (over all 26 trajectories) of the predicted (1-s-ahead)
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Fig. 5 Traj A tracking errors predicted 1-s-ahead.

position error squared. The results show that

7 (GNF) = 376.3, 7(EKF) = 412.7

Thus, for these particular test cases, the GNF performed better.

VII. Conclusions

The nonlinear aircraft maneuver model and the GNF design ap-
proach are promising alternatives to the linear approaches based on
random perturbation accelerations and to the nonlinear approach
of the EKF. The GNF has been shown to be effective in track-
ing real-world aircraft trajectories. It has performance at least as
good as the EKF, but with an order-of-magnitude reduction in CPU
time.

The performance of both filters would be improved by application
of a roll maneuver detection scheme. This is not investigated in
this paper but is a good topic for future research. Another topic
for further research is the development of optimal gains for the
GNF and the elimination of the slowly time-varying condition for
stability.
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